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(S9.1) Let f € Mc(X,B) and n > 1.
(i) If f is T-invariant (a.e.), then S, f = f (a.e.).
(ii) Spf € Mc(X,B).

(iii) S,f = %z—: Ups f.
k=0

(iv) For any p > 1, f € LP(X, B, ) (resp. Ly (X, B, p)) implies S, f € LP(X, B, i) (resp.
LE (X, B, 1))

L S (@) = S,4(T) = 1 f(0)

(v) For all x € X,
(vi) If f € Mg(X,B), then foT = f and foT = f.

(vii) /XSnfdu:/de,u.

(viii) If f € Li(X,B,u) is nonnegative, then S,f € LL(X,B,p) is nonnegative and
1Snflle = 11

(S9.2) Let A, Be Bandn > 1.
n—1 n—1

: 1 1
(1) Saxa =~ > Xr-r(a) and x5 - Suxa = - > Xr-r(ans-
k=0 k=0

() [ Swxa=n(a),

n—1
1 _
(i) [ e Sxadi = S (T HA) N B).
X k=0



(S9.3)

(i) Let X be a nonempty set, (E,),>1 be a sequence of subsets of X and f: X — R.
Prove that

nlggo XU?zlEif = XUi21Eif‘ (Dl)

(ii) Let (X,B,u) be a probability space, f € LL(X,B,u), (E,)n.>1 be an increasing
sequence of measurable sets, and F = U E,,. Prove that
n>1

/E fdu= lm /E fn (D.2)

(S9.4)
Proposition . Let (X, B, u,T) be a MPS. The following are equivalent

(i) T is ergodic.

(ii) Whenever f : X — C is measurable and Urf = f, then f is constant a.e..
(i1i) Whenever f : X — C is measurable and Urf = f a.e., then f is constant a.e..
(iv) Whenever f: X — R is measurable and Urf = f, then f is constant a.e..

(v) Whenever f: X — R is measurable and Urf = [ a.e., then f is constant a.e..



